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This paper presents a framework in which basic concepts of approximation
theory arise as canonically as convergence in topological spaces. © 1989 Academic

Press, Inc.

1. INTRODUCTION

Approximation theory widely uses concepts and techniques from at least
two canonical mathematical structures: the theory of topological spaces
and the isometric theory of metric and normed spaces. Given a metric
space (X, d), to say (x,), converges to x is a topological concept,. to
approximate x by x, depending on “how small” d(x, x,,) is, is a metric
concept. To say x is in the closure of 4 is a topological concept, ‘to
approximate x with a “best possible” element in 4 based on d(x,.4):=
inf{d(x, a)|ae A} is a metric concept.

Moreover, in both cases the “topological situation™ is in.a sense the “best
metric situation.”

Neither canonical topological nor metric concepts exist to' deal with ‘the
difference between the non-convergent sequences (e(—1)"), and (n(—1)"),
in R whereas, depending on the actual application, the former might be
considered “approximately. constant” and thus.“approximately convergent.”

These observations; however:simple,:lead ‘us:to ‘wonder ‘whether there
exists a framework in which ““approximation-¢onvergerce” ‘could be
developed in the same way as, e.g., convergence is developed in TOP (the
category of topological spaces and continuous maps).

It is the purpose of this paper to question whether AP (the category of
approach spaces and contractions) [6] might not be a nice and relatively
easy framework suited to this end.
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2. PRELIMINARIES

We recall those concepts of [6] which are required in the sequel. Let X
be an arbitrary set, R, :=[0, o0], and R* :=]0, o[. A map

S Xx2¥ >R,
is called a distance if it fulfils

(D1) V4e2* VxeX:xcAd=06(x, A)=0,
(D2) VxeX:d(x, ¢)= o0,
(D3) VA, Be2® VxeX:6(x, AuB)=35(x, A) A 8(x, B),

(D4) VAe2* VxeX, VeeR _:6(x, A)<(x, A)+¢& where 4 :=
{x]8(x, Ay<e}.

A collection (D(x)),.x of ideals in RY is called an approach system if it
fulfils

(A1) VxelX, Yve®(x):v(x)=0,

(A2) VxeX, VveR¥:Ve, NeR*, vV ed(x) st. vl+ezvAN=
ve P(x),

(A3) VxelX, VWwed(x), VNeR*%, I(v.).cx€[lrex P(x), Vz, ye X-
v(z) +vAy)Zv(y) A N.

Each ideal &(x) is called an approach ideal (at x) and the functions in &(x}
are called neighborhood maps (at x). For case in notation we shall,
whenever convenient denote an approach system {P(x)), . y also simply &.

In [67] we showed that distances and approach systems are equivalent to
each other, and we gave the following formulas expressing one concept in
terms of the other. Given a distance d, the associated approach system &,
is given by

Dy(x)={veRY |V4 c X: inf Wa)<d(x, 4)}, xeX,
ae A

and given an approach system @, the associated distance d, is given by

O0p(x, A)= sup inf v(a), xeX,Ac X.

ved(x) acA

Moreover it was shown that &;, = @ and that é,, = 4. If no confusion can
occur we write @ (resp. d) instead of @, (resp. d4).

A set X equipped with an approach system (or equivalently a distance) is
called an approach space and is usually denoted (X, @) or simply X if no
confusion can occur.
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If X and X’ are approach spaces then a map f: X — X" is called a contrac-
tion if the following equivalent conditions are fulfilled:

(C1) VxeX, V' ed'(f(x)):v'ofed(x),
(C2) VxeX, VA< X:8'(f(x), f(4))<d(x, A).

Approach spaces and contractions form a topological category [2] which
we denote AP. TOP is embedded bireflectively and bicoreflectively by

TOP —%, AP
(X, T)—— (X, 4,(T)),

where A4,(T)(x):={v|v(x)=0, v us.c. at x} for all xe X. The associated
distance is given by 8(x, A)=0 iff xe 4 and d(x, A) = oo iff x¢ 4 for all
xeX, AcX.
Given (X, @) e |AP| its TOP-coreflection is given by
(X, A(T*(P)) —=> (X, B),
where T*(®) is the topology determined by the neighborhood system
N¥(®)(x):={{v<e}|ved(x), e R* }, xeX.

T* is of course left inverse, right adjoint to 4,. Analogously p —g-MET™
(o0 — p — g-metric spaces, non-expansive maps) is embedded bicoreflec-
tively by

p—g-MET® —27, AP
(X9 d) - (X’ Am(d))1

where A,(d)(x) = {v|v<d(x, -)} for all xe X. The associated distance in
this case is given by d(x, A)=inf,_, d(x, a) for all xe X, A c X.
Given (X, @) e |AP] its p— g-MET®-coreflection is given by

(X, 4,,° M(®)) — (X, @),
where M(®) is the oo — p — g-metric defined by M(®)(x, y) :=8,(x, {y}).
M is of course left inverse, right adjoint to A4,,,.
3. CONVERGENCE IN AP

For a more detailed study we refer the reader to [5, 7]. When dealing
with metric spaces we shall sometimes “translate” the general results for
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filters to sequences. For the sequel of this section, unless otherwise specified
let (X, @) |AP|. For a filter F on X we define the maps

aF(x):= sup sup inf v(y), xeX

ve®@(x) FeF yeF

= sup o(x, F)

FeF

AF(x):= sup inf supv(y), xeX.

ved(x) FeF yeF

For each filter ¥ on X, aF (resp. AF) “measures” the adherence (resp. con-
vergence) of F. This shall become clear in the sequel. A first indication is
given by the following result, the easy verification of which is left to the
reader. Lim F and adh F stand for the set of limit (resp. adherence) points
of F.

ProrpositioN 3.1. If (X, T) is a topological space and ¥ a filter on X,
then in (X, A(T)) we have

0 ] ,
ocF(x):{ , xeadh.Ftn(X,T)
o0, otherwise
and
AF(x) = {0, xelim .F in{X, T)
oC, otherwise.

A few elementary facts hold for topological convergence. For example, a
limit point of a filter is an adherence point, if F< G are filters then
adherence points of G are adherence points of F as.o.

The following results are the analogons in AP. Verifications are left to
the reader.

PROPOSITION 3.2.  For filters F <« G we have

aF <aG<AG < AF.

ProrosiTioN 3.3, If U is an ultrafilter then oU = AU.

If F is a filter then we shall denote U(F) the set of all ultrafilters finer
than F. In a topological space a filter converges to a point (resp. adheres to
a point) if and only if all ultrafilters finer adhere to that point (resp. some
ultrafilter finer adheres to that point). The following resuit is the analogen
in AP.

640/56/1-8
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PROPOSITION 3.4. For a filter F the following hold:

(1) AF =supy, yF) 2,
(2) oF =infy_ g, aU.
Proof. (1) By Proposition 3.3 and applying complete distributivity we
obtain
sup aU(x)= sup AU(x)

U e U(F) Ue U(F)

= sup inf sup  sup v(y)
ved(x) gellueumU UecUF) yegd(U)

= sup inf sup v(p)

ve®(x) ¢ellucumVU yeUueur) #(U)

= sup inf supv(y)

veP(x) FeF yeF
= AF(x).
(2) Applying complete distributivity we obtain
inf aU(x)= inf sup d(x, U)
U e U(F) UelU(F) UeU

= sup inf  8(x, $(U)). (*)

¢elueurm U Ue U(F)

Claim. Ve[lycyw U U, < U(F) finite: Uy, $(U)eF. Indeed, if
not, then for each finite U, = U(F) we have

U #(U)¢F,

Ue Uy
and then the family

Fu {X\¢(U)|Ue U(F)}
has the finite intersection property and is contained ih some ultrafilter

Uy e U(F). This, however, is impossible, since then X\ ¢(Uy)e U,. Thus
from (*), our claim, and (D3) we obtain

inf aU(x)<< sup inf 5(x, #(U))

U e U(F) delucumU Uely

= sup 5<x, U ¢(U))

$elueur U Ue Uy

< sup o(x, F) = oF(x).

FeF

The other inequality follows at once from Proposition 3.2. |}
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4. AP-CONVERGENCE IN METRIC SPACES

If (X,d)e|MET|, xe X, and 4= X then we denote d(x, 4) the usual
distance from x to A and d(A4) the diameter of 4.
If F is a filter on X, we define its width as

w(F) ;= inf d(F).

FeF

If (x,), is a sequence in X we denote {x,) the Fréchet filter generated by
it. Clearly w({x,»)=1inf, _y sup, ;> , d(x,, x;). The next result follows at
once from the definitions and the nature of the embedding 4,,.

ProposITION 4.1, If (X, d) is a metric space, x€ X, and F is a filter on X
then in (X, A,{(d)) we have:

(1) oF(x)=supy g d(x, F),
(2) AF(x)=inf;_gsup, d(x, y).
If (x,), is a sequence one easily verifies that Proposition 4.1 implies
o {x,>)(x)=1lim d(x, x,) and A(<x,>)(x)=lim d(x, x,,).
ProposiTION 4.2. If (X, d) is a metric space, xe X, and ¥ is a filter on X
then the following are equivalent:
(1Y Foxin(X, d),
(2) AF =d(-, x)=d(-,lim F) in (X, 4,(d)).
Proof. {1)=-(2). From Proposition 4.1 for any x, y € X we have

AF(p)< inf sup(d(y, x)+d(x, z))

FeF zeF
=d(y, x)+ AF(x)=d(y, x)
and conversely for any ¢ >0 and FeF taking z e B(x, ¢) n F we obtain
AF(y)+e=inf d(y, z) +d(z, x} = d(y, x).
FeF
(2)=(1). From the description of T*(®) with & =4,,(d) it follows
that AF(x) =0 implies F —» x. |

The smaller the value of AF(x) (resp. «F(x)) the better x approximates
the concept of being a limit (resp. adherence) point of F. Consequently it is
interesting to give some universal bounds on these values.
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THEOREM 4.3. If (X, d) is a metric space and F is a filter on X then in
(X, A,,(d)) we have

w(F) < AF <oF + w(F).

Proof. To prove the first inequality let xe X, FeF, and ¢ R* and let
z, ye F be such that d(z, y)+2e¢=d(F). Then since d(x, y) v d(x,z)=
id(z, y) we obtain

d(F)<supd(x, t)+¢

teF

and the result follows from Proposition 4.1(2).
In order to prove the second inequality let xe X, ee R* , and let F,eF
be such that d(F,) < w(F)+e¢. For all y, ze F, we then have

dx, y)<d(x,z)+w(F)+e

and thus also

sup d(x, y)<d(x, F,)+w(F)+¢

YEF;

and the result follows from Proposition 4.1(1) and (2). [

CorOLLARY 4.4. If (X, d) is a metric space and F is a Cauchy filter on X
then in (X, A,,(d)) we have AF =aF.

In case F is a total filter the foregoing results can be improved upon.
Recall that F is called total [8, 9] if all Ue U(F) are convergent.

THEOREM 4.5. If (X, d) is a metric space and F is a total filter on X then

in (X, 4,,(d)) we have
(1) 1d(adh F)<AF <aF + d(adh F),
(2) aF=d(-,adh F),
(3) AF:Supzeath d(7 Z)‘

Proof. 1t follows from [9] that for any ¢ R* we have (adh F)®eF.
Since also d((adh F)®)<d(adh F)+2¢ it follows that for a total filter
F: w(F)=d(adh F). Thus (1) follows at once from Theorem 4.3.

For (2) notice that if d(x,adhF)<J, ie., there exists ye(),cp F
such that d(x, y) <4, then aF(x)<sup. pd(x, F)<J which proves the

inequality <. The converse inequality again follows from the totality of F.
Indeed, given e € R% we have

d(x, adh F) < d(x, (adh F)®) +¢
<oF(x)+e.
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Finally (3) follows from Propositions 3.3, 3.4(1) and 4.2, and the fact that
each Ue U(F) converges to some point of adh F. [

Unlike Proposition 4.2(2), Proposition 4.5(2) depends on the totality of
F.If X:=R\ {1} and F is the Fréchet filter generated by the sequence

n-

‘_{l—l/n, n odd

2, neven,

then adh F = {2}, «F(0)=1 but d(0, {2})=2.

Finally, we would like to illustrate how the bounds on AF can still be
improved upon and how the “better convergence points” can be found in
case X is a Hilbert space.

If X is a normed space we denote co(A4) the convex hull of a subset
A« X. Then from the fact that for any A< X: d{co(4))=d{4) and
Theorem 4.5 we immediately obtain that if F is total and xeco(adh F)
then AF(x)<d(adh F). In a Hilbert space any point x can be improved
upon by a “better convergence point” in co(adh F).

THrEOREM 4.6. If X is a Hilbert space and F is total then for each xe X
there exists x* € co(adh F) such that AF(x*) < AF(x).

Proof. Since F is total, it follows from [9] that adh ¥, and thus
co(adh F), is compact. For any xe X now let x* be its projection on
co{adh F) and apply Theorem 4.5(3). §

The previous two results already show that “best convergence” is
achieved on co(adh F) and that on this set an upper bound is given by
d{adh F). However an old theorem of Jung [3] still improves this resuit.

TueOREM 4.7. If X is a Hilbert space of dimension n (i.e., essentially R"}
and ¥ is total then there exists x € co(adh F) such that

A " 12

and if X is infinite dimensional there exists x € co(adh F) such that

1

Proof. If X has dimension n, Jung's theorem [3] says we can find a ball
B with radius less than (n/2(n+ 1))"? d(adh F) such that adh F < B. Since
we can take the centre x of this ball in co(adh F) the result follows again
upon applying Theorem 4.5(3).
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If X is infinite dimensional we reason as follows. Since adh F is compact,
for each ne N, we can find 4, < adh F finite such that

1

adhFe {J B<a,—>. (%)
ae Ay n

Let X, =X be a finite-dimensional subspace of X containing A4, with

dimension m(n). Then again by Jung’s theorem we can find

x,€co(4,)c= X, such that

B (x,,, % d(A,,)).

Then it follows from (*) that

1
adh Fc B (x,,, ;11-+—-2- d(adh F)).

7

Since co(A4,) = co(adh F) and the latter set is compact we can find a sub-
sequence (x; ), which converges to some xeco(adh F). Then for any
yeadh F and ne N, we have

1 1
X — yIl < [lx — x4, ot d(adh F)

n \/5
and the result follows letting n—oo and once more applying
Theorem 4.5(3). 1

All foregoing results are in general best possible. For Theorems 4.3 and
4.5 this is easily verified considering X := R and the filter generated by the
sequence (x,), where x, :=a if nis odd, x, :=b if n is even, and a  b. That
the result of Theorem 4.7 is best possible follows from the fact that Jung’s
theorem is best possible.

REFERENCES

1. R. G. BarrtLE, Nets and filters in topology, Amer. Math. Monthly 62 (1955), 551-557.

2. H. HerrricH, Categorical topology, in “Proceedings of the Fifth Prague Topological
Symposium 1981,” pp. 279-383, Heldermann Verlag, Berlin, 1983.

3. H. W. E. Junc, Uber die kleinste Kugel die eine rdumliche Figur einschliest, J. Reine
Angew. Math. 123 (1901), 241-257.

4. J. L. KELLEY, Convergence in topology, Duke Math. J. 17 (1950), 277-283.



APPROXIMATION THEORY 117

5. E. LoweN AND R. LOWEN, A quasitopos containing CONV and MET as full subcategories,
Internat. J. Math. Math. Sci. 11, No. 3 (1988), 417-438.

6. R. LoweN, Approach Spaces: A common supercategory of TOP and MET, Maih. Nachr.,
in print.

7. R. LoweN, Kuratowski’s measure of non-compactness revisited, Quar:. J. Math. Oxford
Ser. (2) 39 (1988), 235-254.

8. B. J. Peris, Cluster sets of nets, Proc. Amer. Math. Soc. 22 (1969), 386-391.

9. J. E. VauGHAN, Products of topological spaces, Gen. Topology Appl. 8 (1976), 207-217.



